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1. Introduction

Morrey spaces, introduced by Morrey [25], play an important role in the
regularity theory of PDE, including heat equations and Navier-Stokes equations. In
harmonic analysis, Morrey spaces are crucial for analyzing the behavior of integral
operators and providing conditions for the global existence of solutions to
nonlinear PDEs, such as the Schrédinger equation. However, in the theory of
partial differential equations, along with Morrey spaces, modified Morrey spaces
also play an important role [2, 3, 4, 7, 11, 13, 14, 22, 23, 24, 26, 28, 29]. The

modified Morrey spaces Ep’i(Rn), introduced by V.P. I’in [19], consist of all
locally integrable functions f on R" such that the following finite (quasi-)norm is
finite
_A
— p
[y = 590 101

where B(x,t) denotes the ball centered at xeR" with radius t>0,
[t], = min{Lt}, see [7, 8].

Let (R”)m =R"x...xR" be the m-fold product space (me N). Form
xeR" and r >0, we denote by B(X, r) the open ball centered at X of radius r,
and by CB(X, r) denote its complement. Let |B(X, r)| be the Lebesgue measure of
the ball B(X,r). We denote by f the m -tuple (fl, [P fm),
V=Y, Y.y, ) and dy =dy,...dy, .
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In the past twenty years, the multilinear Calderon-Zygmund theory was
developed a lot and studied by many authors. Grafakos and Torres [6] introduced
the multilinear Calderon-Zygmund operator and studied the boundedness of such
operators. Later in [21], Lerner et al. introduced the following multi-sublinear

maximal function M (qu defined as

M (F)x) supH|B|j| y)ldy,.

When m=1, we get M =M, the classical Hardy-Littlewood maximal operator is
given by

M f sup—j | £(y)|dy,

B>x |

where f is a locally integrable function. Obviously, it is easy to see M (FXX) <

[IM f,(x)
j=1
The sharp maximal function of Fefferman and Stein M~ f is defined by
M#f(x):sBup| BI™ [ | f(y)-fs ldy,
where the supremum is taken over all balls B < R" containing X. For a fixed
qe(0.1), any suitable function h and x € R", let M h(x ( Qh| X )1

()= (m{n* oo "

For any ball B < R", the mean oscillation space BMO(R”) is defined as

BMO(R" )= {b e L (R ., =5uplBI [ F(3)- Foldy <ce].

where f, :|B|_1IB f

In [9], Guliyev give the necessary and sufficient conditions for the
boundedness of the maximal commutator operator

My f(x)=sup| B [[1b(x)-b(y)I|  (y)dy,

and the commutator of Hardy-L.ittlewood maximal operator
[b, M ] (x)=b(x)Mf (x)— M (bf Xx)
on LP* (R”), where b e BMO(R”) (see also [10]).

The commutators of singular integral operators plays an important role in
studying the regularity of solutions of elliptic partial differential equations. In [31,
32] Zhang studied the multi-sublinear maximal commutator operator M+, and the
commutator of multi-sublinear maximal operator [B, M| generated by the BMO™

vector function defined as follows:
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3es(F 100 = 96, (7)) andt 5.0] (710 = Y T ) ().

j=1
Here

23 (o) =sup | Bl|m

0100, 0, I oy
and

(5,207, @®)00= by (x)3 (F)x) =M (e, 100 F, £, £, )0).

Obviously, the M and [B, M| operators are essentially different from
each other because M, is positive and sublinear and [b, M] is neither positive nor
sublinear.

In this paper, we obtain necessary and sufficient conditions for the
boundedness of multi-sublinear maximal commutator operator M7 on product
modified Morrey spaces L™" (R" )x. XLt (R” )

This paper is organized as follows: In Section 2, we give some theorems
about the boundedness of multi-sublinear maximal operator M on the product

modified Morrey spaces L (R“). In Section 3 we find necessary and sufficient
conditions for the boundedness of the multi-sublinear maximal commutator
operator M+ from product modified Morrey space LM(R")X...X me’i(R") to

modified Morrey spaces LP4 (R“), see also [11, 12, 13, 17, 20, 23, 27, 28, 29, 30].

Throughout this paper, we assume the letter C always remains to denote a
positive constant that may vary at each occurrence but is independent of the
essential variables.

2.  Multi-sublinear maximal operator on product modified Morrey
spaces

In this section, we investigate the boundedness of multi-sublinear maximal
operator M on product modified Morrey spaces.

Definition 1. Let 0< p<oo, A€R, [t], =min{l,t}, t>0. We denote by

LP (R”) the classical Morrey space, and by L (R“) the modified Morrey space
[7] the set of all classes of locally integrable functions f with the finite quasi-

norms
A

A A
[ ] = X:Rlﬂﬁot p”f“L”(B(x,t))' |l = XESRL"J,RO [th p”f”Lp(B(x,t))’

respectively.
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Definition 2. Let O<p<o, A€R. We define the weak Morrey space

WL (R”), and the weak modified Morrey space WLP# (R") [7] as the set of all
locally integrable functions f with finite quasi-norms

= sup t p||1‘|| = sup t, p||1‘||

” f ”wu“ WLP (B ” f ”WEM WLP (B

respectively.
Lemmal.[9,10] If 0< p<oo, 0<A<n,,then

L*#(R")=L"*(R" )~ L°(R")
WP (R")=WL*(R" ) ~WLP(R")

i
” f ”W[W R” = max {“ f ”WLM ’” f ”wU’ }’
respectively.

The following local estimate is valid.
Lemma 2. [1, Lemma 3.3] Let 1< p <o and B(x, r) be any ball in R". Then,
for p >1 the inequality

and
= max {“ f

Lp,l El

n

(LY T Suzrr)t | f ”LP(B(X,’[)) (1)

holds for all B(x,r) and for all f e LEJC(R”).
Moreover if p =1, then the inequality
Mf

-n

f L (B(x1))

Wi (x) =
holds for all B(x,r) and for all f e L}OC(R")
Theorem 1. [9] 1. If f e (**(R"), 0<A<n, then Mf eWL**(R") and

IMf e <Conul flz 2)
where C, , , is independent of f .
2.1f f e[P*(R"), 1< p<oo, 0<A<n, then Mf e L"*(R") and
Mg <Col fllos ®)

where C depends only on p, A, and n.

p.A.u
Lemma 3. [16] Let p be the harmonic mean of p,,..., p,, >1and fe L}oc(R”)
L

loc

(R"). Then there exists a constant C >0 such that for any x e R"
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(Xx<H (p] ppj- @

When m> 2, we find out M also have the same properties by providing
the following multi-version of the Theorem 1.

Theorem 2. [15] Let p be the harmonic mean of p,,..., p,, >1 and

—_Z for 0<A,<n. (5)
j=1 pJ

@i If p>1,then the operator M is bounded from product modified Morrey
space I:W(R”)x...x -Lup“(R”) to modified Morrey space I:”(R“).
Moreover, there exists a positive constant C such that the following
inequality is valid for all f e L™*(R")x...xC"™*(R")

Il f I <CHH

(i) If p=1, then the operator M is bounded from product modified Morrey
space L™* (R”)x...x Pt (R”) to weak modified Morrey space
WLP# (R"). Moreover, there exists a positive constant C such that the
following inequality is valid for all f e L™* (R" )x...x Pt (R“)

hae f Iy scgufj

CPivdi

3. Multi-sublinear maximal commutator operator on product total
Morrey spaces

In this section we find necessary and sufficient conditions for the boundedness
of the multi-sublinear maximal commutator My from
fel™ (R")x...x [Pt (R“) to LP* (R”) spaces.
Theorem 3. [18, Lemma 1] If b e BMO(G), then for any g € (0,1), there exists a
positive constant C such that

Mz (M, £))< Clol M2 (x)
for every xeG and forall f L (G).
Lemmad. Ifb e BMO”’(R ) then there exists a positive constant C such that
w5 (Fx) < ;”bk”wo M2 6,00 M f,(x)
= j#i
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for almost every x e R" and for all f € L}OC(R”) X L}OC(R")

Proof. Note that
M, (Fx) M, f ()] M f;(x)
j#i
and [18, Lemma 1]

M ) ”b ”BMO i(X)HM fj(x)

j#i

then
a5 (F)x) z (Flx) < ZM,, ﬁ(x)ﬂMf,(x)
=1 j#i

;<J iZ::”bi”BMO M? f (X)H M, (X)

j#i
Theorem 4. Let b, be a real valued, locally integrable function in R",

1<p, <00, 0<A4 <n withi=1...,m. Letalso £=i+...+i,

P P P
A_A

A . . .
—=—+...+—"_ Then the following assertions are equivalent:
p pl pm

The following assertions are equivalent:
() beBMO"(R").
(if)  The operator My is bounded from L (R” )x...x L Pt (R”) to
L**(R").
Proof. (i) = (ii). Suppose that b e BMO”‘(R"). Combining Theorem 2 and
Lemma 4, applying Holder’s inequality (see [5, Exercise 1.1.2, p. 10]), we get

A “ -
1 2€5(F) o= sup [t]” L/e12 1 365 (F) 1p(oe)

xeR",t>0
< sup i} znb oo M [ TM 1,
j#i

xeR" t>0

L°(B(x))

LPi (B(x,t))lj:i[HM fJ

LI(B(x)

< sup [t]?ZIIbiIIBMOHMZfa
xeR" t>0 i=1

From the inequality (1) we get

n

< t"supz "M f
< S:zE)T || l”L"(B( )

HiLi(B(x.1))
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n

Sth suprT Fsup,oT”M fi|

7>2

L (8

_tp supsup p p|| f|| <tp supp o || f||

>2t p>21

< e tEsugp_E[plpi 1 e ﬁsug[pll
P> P>

A

<[ il [t
and
n n
HMf P (3 ))< t P sruzrt)z- H f. ill 5 @)
n _n n A
S|| fi”[pi./litpi Supp § [p]lp :H f] Epj,ijtpj Sup[p]lp
p>4t p>ar
2
<[ £l IEL -
Then

A
1905(7) pa= S0P KL D J0 o M7

LPi (B(X,t))HHij

3

J'

< sup t]l Z”b ”BMo”f”L” t]1p HHf

j#i
< sup t]1 Z||b ||BMOHH
S

Pi ;”J

]f”
LPii

S

~

L"i(B

(xt))

(ii) = (i). Assume that M is bounded from L™*(R" )x...x L"*(R") to

I:”(R“). Let B(x,t) be a fixed ball. We consider f =7,

I = {Za ..... X } It is easy to compute that
N~

1

~ = B
el = sp ([2,,, 7a2)ee )

where
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= sup QB(y,t)m B|[t]l‘*i)pi.

yeR"t>0

1 n A
= sup QB(y,t)|[t]1’ﬂl )?i =rP[r]". (6)
B(y,t)cB
On the other hand, since

Mz (@)(x) = iﬁm )—(by),|dz  for all xeB,

we have

965l = suplEl ), M5 G @ dz)

B(y,t)
n A

er[r]lpZEJ‘B |bi (Z)_(bi )B|dZ. (7)
i=1
Since by assumption

“MB()ZB)”zM S H”ZB”[PM ,
j=1
by (6) and (7), we get that

o1

— b ). 1dz s 1.

2 gk @00
4, Conclusion

We find necessary and sufficient conditions for the boundedness of the multi-

sublinear maximal commutator operator My, from product modified Morrey space
L™* (R" )x. x P2 (R“) to modified Morrey space L"* (R”).
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